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124. 


ON A PROPERTY OF THE CAUSTIC BY REFRACTION OF THE 
CIRCLE. 


[From the Philosophical Magazine, vol. vi. (1853), pp. 427—431.] 


M. Sr LAURENT has shown (Gergonne, vol. xvii. [1827] p. 1), that in certain cases 
the caustic by refraction of a circle is identical with the caustic of reflexion of a circle 
(the reflecting circle and radiant point being, of course, properly chosen), and a very 
elegant demonstration of M. St Laurent’s theorems is given by M. Gergonne in the 
same volume, p. 48. <A similar method may be employed to demonstrate the more 
general theorem, that the same caustic by refraction of a circle may be considered as 
arising from si# different systems of a radiant point, circle, and index of refraction. 
The demonstration is obtained by means of the secondary caustic, which is (as is well 
known) an oval of Descartes. Such oval has three foci, any one of which may be 
taken for the radiant point: whichever be selected, there can always be found two 
corresponding circles and indiees of refraction. The demonstration is as follows :— 


Let c be the radius of the refracting circle, w the index of refraction; and taking 
the centre of the circle as origin, let & be the coordinates of the radiant point, 
the secondary caustic is the envelope of the circle 


— ——— == 
ye (a@—a +y=B)- (E-a +B) =0, 
where ‘a, 8 are parameters which vary subject to the condition 


a+ B?-—c?=0; 


the equation of the variable circle may be written 


(m (a? +9? + 0c?) — (E+ 7° +0°)} — 2 (wa — E) a 2 (uy — n) B=0, 
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which is of the torm 

C+Aa+ BB=0; 
the envelope is therefore 

C? = e (A? + B?), 


Hence substituting, we have for the equation of the envelope, i.e. for the secondary 
caustic, 


{p (a? + 37+ e) — (E+ 9? + 0°)}? = 4c? {(wa — ES + (uy — nf, 


which may also be written 


w (tye) (E+ PoP = dow (o-E+y—n); 
and this may perhaps be considered as the standard form. 


To show that this equation belongs to a Descartes’ oval, suppose for greater con- 
venience ņ = 0, and write 


war +y e) B+ ot = uNe Ey; 
multiplying this equation by 1— z , and adding to each side ¢ (u — =) + (E +y, 


we have 
(1 - 5) wtp- -Etot -*) 


=(«— EP + y+ 2c (u- 2) V@=B FF +e (u+); 


or reducing 
p’ 1( e Kayl = We= Bry +e(u - 2); 


again, multiplying the same equation by >Q _ 5) , and adding to each side 


E (1-2) +B@-F+y, 


we have 
10-2) wery-o-e+0}4+2@=P+y) +8 (1-2) 
= ple +y)+= (1 35) Ve=Fre +E (1 aa 


or reducing, 


floral fp 


m 
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Hence, extracting the square roots of each side of the equations thus found, we 
have the equation of the secondary caustic in either of the forms 


y (2- $) +r = Vep (u5). 


y (0-9) +yr=ivezpFp +1 (e-2); 


to which are to be joined 


J (e-§) r-n l-E] resE-%, 
(e-i) -Freri e-i +44 E-H) ero 


Write successively, 


F=¢ , c=c, K=p , (1) 
RR a pe ea 

g= = c g H "E , (a) 
ie a0 N 

g-É, o=, wel, @ 
A oe ae 

Fe ERR DE har ERIN 
/ c + LA 

EME» c=C, wae (8) 

p=, dat, wae ; (e) 

or, what is the same thing, 

Es E, A c= é; pape ? (1) 
or at iti. 

E pte w?’ c T , p Pi p ? (a) 
vag ny me. 

E =m c FA ER , (8) 
vi ME i nE 

E E ? age? een ? (y) 

c2 Y PR 

Espo 0e, wae, © 
zt EEA ir 

Espo c pw’ at. ; (e) 
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or, again, 

Nel Stk oct Ja ee 

sith ae mee cl a) 
p=% ? ne: E= , (a) 
6S eT ey 

Mr ange WEN am E 
anA Sled 16 S 

p=, ae to eop (y) 
PA TAN EN Bis wis ~ 
pet E Bis, pe? E ? (e) 


then, whichever system of values of &, c’, w be substituted for £, c, m, we have in 
each case identically the same secondary caustic, the effect of the substitution being 
simply to interchange the different forms of the equation; and we have therefore 
identically the same caustic. By writing 


(&, c, p')= (£, C, p) i 
= a (&, C, H), 
&c., 


a, B, y, 6, e will be functional symbols, such as are treated of in my paper “On the 
Theory of Groups as depending on the symbolic equation @"=1,” [125], and it is 
easy to verify the equations 


l=e8.=fa=my = 3= ¢, 
a= 6? =dy =6d = 4c, 
B=@ =ey =95 = 6e, 
y= ĝa = eß = È= ae, 
ò = ea = yp = ay = pe, 
e = ya = 58 = By = 48. 


Suppose, for example, §=—c, ie. let the radiant point be in the circumference ; 
then in the fourth system & =—c, c =— , (or, since c’ is the radius of a circle, this 
H 
radius may be taken A w =— 1, or the new system is a reflecting system. This is 


one of M. St Laurent’s theorems, viz. 
6 m 16 
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THEOREM. The caustic by refraction of a circle when the radiant point is on the 
circumference, is the caustic by reflexion for the same radiant point, and a concentric 
circle the radius of which is the radius of the first circle divided by the index of 


refraction. . 


Again, if £=-— cp, the fifth system gives & = 3 c =c, W =—1, or the new system 


is in this case also a reflecting system. This is the other of M. St Laurent’s 
theorems, viz. :— 


THEOREM. The caustic by refraction of a circle when the distance of the radiant 
point from the centre is equal to the radius of the circle multiplied by the index of 
refraction, is the caustic by reflexion of the same circle for a radiant point which is 
the image of the first radiant point. 


Of course it is to be understood that the image of a point means a point whose 
distance from the centre = square of radius + distance. 


2 Stone Buildings, Nov. 2, 1853. 
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